We show how to construct all of the complex pp waves using the nonlinear graviton construction of Penrose.
INTRODUCTION
Several years ago, Penrose l showed that one could construct generic, half-flat solutions of the complex Einstein equations through the use of deformation theory. His idea is to deform the complex structure of a neighborhood of a projective line in P 3 (C). The original undeformed neighborhood contains a four-complex-parameter family of lines which are identified with the points of an open subset of complex Minkowski space. For small deformations, Kodaira's theorems 2 ,3 guarantee the continued existence of a four-parameter family of "lines" (L e", compact holomorphic curves) in the deformed space, these are identified as the points of a new complex manifold Cj. A holomorphic metric is then introduced on C; in a natural way and the resulting complex spacetime is shown to be half-flat, that is, its Ricci tensor vanishes and its conformal curvature tensor is anti-self-dual.
While it is a relatively straightforward matter to construct deformations, the task of finding the fourparameter family of lines in the deformed space is usually very difficult. Because of this, only a few isolated solutions have actually been explicitly constructed, only one of which, to our knowledge, has appeared in print. 4 The purpose of this paper is to show that the simplest half-flat spacetimes, known as complex pp waves or Plebanski plane waves, 5 can all be obtained explicitly using the Penrose construction,
THE NONLINEAR GRAVITON CONSTRUCTION
In this section we summarize the Penrose construction. For more details, in particular for the proof that (0) which vanish somewhere. In order to pin down the conformal factor, one makes use of the 2-form dw A ,\ dwA=j.L. This will be considered in more detail later.
If we let lJ (resp. 1)) be the subset of C That is, we have a "nearby" section L (zo + 6z) and the "difference" between the two is a section of the normal bundle of L (zo)(see Fig. 1 
Then Penrose defines
The right side of (5) is symmetric in (~, 1). As a function of IT A" it is homogeneous of degree 0, and holomorphic on e 2 _(0). Thus it is constant and so Kz(~' T) is a welldefined complex number.
CONSTRUCTION OF THE COMPLEX pp WAVES
We choose the patching (2) to have the form (6) where h is homogeneous of degree 1 and holomorphic on ex (f) nLJ). We set A = 1 in what follows. We shall write down all global holomorphic sections of the bundle T -e 2 _(0) obtained using (6) which are also homogeneous of degree 1 in 1f A" Such a section is giv:n by a pmr {W A (1T), (;jA(1T)} satisfying (6) 
For fixed u ~nd 1;;, h(U1T o ' + 1;;1T1 ' ,1T0', 1f 1 ,) is a holomorphic functionD 110, To construct a section of our bundle, we must express this function as a difference W
where WI(W I ) is holomorphic in DW) and homogeneous of degree 1. Each distinct way of splitting h will give a pair {wI, Wi} and hence a section. We claim that for each pair (u, 1;;) there is a two complex parameter family of splittingso Thus we get a four-parameter family of sections + ~-lh(!;) is to be entire in ~-l. We conclude that in the series expansion of the right side of (8') all positive power~ of ~ disappear. We conclude an == -b" for n?-2, while t: = a o and v: = a 1 are free parameters. Thus in the first chart the sections are given by (9) and in the second chart by (9) Computing the metric: Consider (u, v, 1:, D as coordinates of a point in C;. Let (du, dv, dl:, dE) be components of a tangent vector at (u, v, I:, i:) . According to the discussion in Sec. 1, we get a section of the normal bundle to the section of T labelled by (u, v, -dl:, du) .
But, recalling that h(u+~I:, 1, ~)=~;=_~b"(u, I:)C, we conclude ab/au=abn./ol:. Thus the power series vanishes and the conformal metric is given by (11) where K is an arbitrary nonzero holomorphic function.
We now show that the actual metric on q as defined by ,m;,0(lmnuml;;n=g(u, 1;;) as desired. For the metric (15) one can directly show that the Ricci tensor vanishes; whether the Weyl tensor is self-dual or anti-self-dual depends on the choice of complex volume element E abcd ' There is on 0-a natural
